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Variable property analysis—is there anything to it?
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Ahstract. This paper discusses a few situations in combusting flows
and attempts to demonstrate that including variable thermodynamic and
transport propeities in the analysis does more than simply improve the
accuracy of predictions. The qualitative behaviour of the result itself is
altered. Three examples are considered—single droplet combustion,
forced convective turbulent boundary layer combustion, and free
convedtive combustion.

The fiame to droplet radius ratie is very well predicted by variable
property theory and the improvement is a direct consequence of the
property variation. In the case of furbulent boundary layer combustion
of sofid/liquid fuels it is shown that the fuel exerts a significant influence
on regression rate as is found in the experiments. The constant property
theory, however, shows relative independence of regression rate with
regard 10 the nature of the fuel. The pradiction of regression rate is
improved substantiaily in the case of free convective combustion.

Keywords, Variable property analysis; single droplet combustion;
forced convective turbulent boundary Jayer combustion; free convective
eombostion; regression rate.

1. Introduction

In many areas like fluid mechanics and aerothermochemistry the impression of a
large number of workers is that the role of variabie thermodynamic and transport
propetties is essentially cosmetic. Any reasonabie choice of the constant property is
adequate to describe the physics. The use of variable properties may improve the
predictions. On the other hand, there is an impression amongst some that computer
calculations including all eﬂ'ects is a sure cure for ail bad comparisons between
theory and experiments.

There is a middle path, It consists in making matiers just as complex as js
desirable to describe the behaviour appropriately. The same statcment can be
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expressed differently: Matters can be made as simple as nature would accept. Three
situations where it has been necessary to do this are described hetein.

2, The droplet combustion problem

The classical prablem which has received attention for over forty years is as follows:
An atomised spherical droplet of fuel is burning in an atmosphere of oxidant (like
air). it could burn in 2 normal gravitational environment as it does in many
applications. Basic experimental studies on the combustion of droplets in zera-g
environments have also been conducted. The measured parameters are the
instantaneous drop diameter vs. time, flame diameter vs. time and initial diameter
vs. time of burn-out. Typical measurements of combustion show that the flame to
drop diamieter ratlo rarely exceeds 810 for many hydrocarbon liquids like
heptane, octane and so on. The mass bum rate is expressed in terms of an
evaporation constant which is the slope of (drop diameter)’ versus time plot.

The theory consists of the solution of comservation equations of mass, species and
encrgy. The momentum equation is generally not considered as it leads to
neghigible variations in pressure and velocity of flow. If thermodynamic and
transport propertics are taken to be constant, one oObtains from a simple
quasi-steady theory (SOST)

= 4 (kicy)ae roIn(1+B), (1)

. #h = mass burn rare {kg/s}, {k/c, }ay = ratio of conductivity 1o specific heat of gas
at average conditions (kg/m-s), r, = drop radius (m),

defd; = In(l + B)/In(l + 8is), {2}
B = [c,{T.— T,)+ HB/s)/Q,
Tw. 7. = ambient and surface temperatures (X), g = oxidant mass fraction at

infinity, 5 = stoichiometric ratio, H = heat of combustion per wnit mass of fuel
(MJ/kg) and flame temperature

Ty = [{e, .= L+ H)/s+cp T |[cp (1 -+ Bl5) ] {3)

Values of # (or K, which is burning constant), d/d; (flame diameter/draplet dia-
meter) and T; have been calculated for a few cases and compared with measure-
ments under various conditions as in table 1. Of the three measurables, s {or K) is
most successfully predicted by SOST. The succesy of SOST has been in isolating the
final functional dependence of 71 on #, or equivalently, the 4°-law which has been
observed in the experiments. But the quantitative evalvation of m/r, {or K) in-
volves the judicious choice of thermodynamic and transport propeecties. One
should conclude from the coerelation of SOST predictions with experimental results
abrtained under natural convection {which is larger than under zero-g) thax the pre-
diction of s is an overestimation, In fact, if the value of {k/c,) is evaluated at the
mean temperature between the drop surface and the flame, the estimated burn rate
will be significantly larger than i actually observed (Akdred & Williams 1966).

Similarly, the value of {d/d,) assigned by SQST is also an example of gross
overestimation (see table 1), Because of its logarithmic dependence on B, did, bas
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Tae L. Gencral comparison of cxperimental dzla with SO5T [(#-heptanc).

k =4}
da g d, Ty
Techinigque Condition (mm} (mms) d4d, (KD Relerence
Stationory Linkteady 1% 111 3 1BO0 HecBey eraf {1971);
suspended natural Aldred & Williams
drop CORYEC! bn (1964)
Porous bumer Steady 124 I-8 '35 2000 Aldred & Williams
natural L5 104 1-8 (1966)
comveclion
Crop in zeno-g Unsteady 495 018 610 isoda & Kumagal
oo copvertion L1955Y
Theory (SQST)  Cuasi-steady Any 11 M0 20
no convection size

negligible dependence om the chosen mean thermodynamic and transport
properties, {2). Furthermore, d4/d, is considered to be independent of the diameter
of the droplet inspite of the fact that the experimental observation has recorded
that the initial movement of the flame is away from the droplet, followed by a
gradual decrease in size as the drop continues to shrink steadily (Isoda & Kumagai
1959). These aspects deserve a careful recxamination.

Referring to table 1, the theoretically predicted values of T are again seen to he
considerably larger than the experimental values {the free convection effect does
not alter the flame temperature significantly). Although 505T predicts the adiabatic
flame temperature, (3} predicts a strong dependence of 7; on ¢,. While this
armbiguity can be ¢asily eliminated by considering the exact variation of ¢, in the
field, the inclusion of kinetics and unsteadiness becomes a necessary prerequisite
for the realistic prediction of Tj.

Such discrepancies between the predictions of $08T and the experimental resules
have been attributed to various factors: finite kinetics, unsteadiness of the
combustion process, variations of thermodynamic and transport properties, and
natural convection. OF these, the effects of natural convection are not considered
far the present due to the discrepancies which exist between SQST predictions and
data from zero-g experiments. Lorell e af (1956) show through sumencal
calculation of the effect of single-step kinetice that for justifiable constants the
effects of kinetics are small. It can therefore be conctuded that the explanation for
the aborve stated discrepancies must be in either the nonsteady nature or variahle
propertiees,

The analyzis carmied ont by Raghunandan & Mukunda (1977) showed that the
transient effects of drop-heating get completed in 20-25% of the bum time.
Coupled transient heating and gas phase behaviour have confirmed that steady
state regults are recovered after this period of time. The variable property effects
were investigated in some detail. The conservaton equations were Don-
dimensionalised and transformed by

n = exp J (the,Y{4nrk) dr. “



190 H 5§ Mukunds

It is worth noting that the original equations are written in r and later transformed
into 5. The solutions are set out in terms of # and then, the reverse transformation,

1/r = (4m)im J (n). )
1

Jn) = j (kic,) (dn/n),
k|

was used to obtain (d#d,) as
(dds) = F(n; ) (), (6)

K, = (8/p;) J(n.), (7)
T = [Tuf/B (1) + T/ Fy(ny) exp P{n,.ne) +
+(@hypt o hye+ ayhig) (mea )] +
L)+ L (7] exp P, wr)}, (8)

where,

" {1,y explP(n )]} b,

7

fi(n) =j

n

hin) = j {(l/c,) expl Py, )]} di,

k]

e 4
P(neam) = - j 2. (6yiley) Ley(@Xcin) d.

The problem was solved for a single-step fast reaction with four species, fuel,
oxidiser, product and inert, For n-heptane class of compounds, the products are
CO; and H;0. N; forms the inart. The species mass fractions in the product which
is otherwise treated as a single species is assigned to the various product species in
terms of stoichiometric mass proportions, The solution provides the distribution of
mass fractions of various species and temperature, The transport properties are
cakculated with exact rejations for these from Svehla (1962). The variation of
properties is shown in figure 1. One can notice that (k/c,) vanies from 2 x 1074 to
10x 107 gicm-s. Thus one would expect the results of variabie properties not to
be the same as those of constant properties.

The results of calculation and comparison are presented in table 2, In the case of
ronstant property theory one has i choose a value of & and c,. A value of
k= 12x107* calfem-5'K i chosen to make predictions of X realistic, This
cotresponds 60 8 temperature of 670-700 K for the mixture. This temperature is far
below the mean of T,and 7,. Table 2 also demonstrates thet the improvement in the
prediction of dy/d, is significant when variable ¢, and & are employed. The value
of K = 0-72 mm? agrees well with observations and the predicted flame temperature
is the same as the adiabatir flsme temperature, The values of d/d, and Ty are still
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Figure I. Varistions of T, o, & & k/c, with n—variable property analysis.

larger than observed (see table 1) and théese are considered to be related to the
treatment of finite kinetic calculations. These calculations of a meaningful nature
are yei to be cammed out, But the important feature is that the use of variable
properties essentially entails computing integrals related to these in a rather
straightforward manner and leads t¢ improvement in result not related o any
additional physical feature,

3. Foreed convection' terbulent boundary tombustion

The physical flow Aeld is simply a flat plate of solid fuel (could be liquid fuel as
well) with gaseons oxidant flowing past. On ipnition a flame will stabilize inside the
boundary layer and fuel regression will take place. The question is to determing the
dependence of the steady fuel regression rate on the thermochemical properties of
the fuel-oxidant system. This geometry iz of imporiance in hybrid rocket engine
operation where oxidant flowing through the tircular port of the fuel tube leads to
combustion in the fuel-oxidiser interface region. A theory using turbulent
boundary fayer concepts was set out by Marxman and co-workers (Marzman &

Tabbe X, Comparison ol resulls (Tom various aperoximabions

k Constant k Yariable £ Constan k Wariable
¢p Comstant ¢, Constanl £, ¥ariable £, Variable

KimmIs) 7193 i1l 0-543 0-723
d;td, I8-3030 3387 20000 1530
T, (K} 25480000 254800 Z506-000 25006700

k = 1:2%106°* is chosen: ¢, = (-3 is chosen.
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Gilbert 1963; Marxman ef af 1964; Marxman 1965; Marxman & Wooldridge 1968).
Invoking Reynalds analogy and using the results of skin friction for zera injection
they obtained an expression for regression rate of hybrid fuels as

PoF = 003 Re 722 Glciem)- 8. {9)
This result delineates the effects of fluid mechanics and chemistry. The effect of
fluid mechanics is represented by the factor Re ;%2 G and thermochemistry by
B(egi cpn). The ratio cplcyy represents the reduction in skin friction or heat transfer

due to injection (called the blocking effect). The term was evaluated by Lees (1938)
from simple film theory as '

(e/em) = [In(1+B) /B, (10)
Manman & Gilbert {1963) used (10) to obtain ¢y a8
¢y = 00225 [In(1+ B)VB Rey*% (11)

where Rey is the Reynolds number based on boundary layer thickness. Equation
(11) is substituted in the momentum integral equation, when an expression for
¢t in a loglog plot leads approximately to

Ly = 120977 (12)

To check this result Marxman (1965) compared it with the experimental resulis of

Mickley & Davies (1957) and Pappas & Okuno {1960). The comparison between

predictions of {12) and the results of the above workers was shown to be satisfactory.
Substitution of (12) into (9) leads to the final result

Ppt = 0-036 G Re[02 g3 (13}

It is seen.from this equation that e ¥ 15 relatively insensitive to B due to the low
exponent ({+23) on B. This constitutes one of the principal results of the theory
stressed by Marxman and co-workers. The above theory was compared with the
experimental resnits of the Plexiglas-oxygen system obtained at ambient pressure in
two-dimensional burners and the comparison was claimed to be satisfactory. The
estimates of B were made for essentially diffusion-limited combustion in the above
comparison. The aspect of diffusion-limitedness does not affect the basic nature of
{(13) but only alters the value of 8 which is influenced by the wall oxidiser
concentration. Wooldridge ¢t a/ (1969) in an elaborate study, oot often refecred o
in the open literature, have presented extensive and useful data on the regression
rate at various pressures obtained for Plexiglas (FMMA)*, polyurethane (P} and
FEAN* in a cylindrical rocket engine. Two of these are presented as fuel weight loss
v§. burn time data as shown in the figure 2. The authors claim good COMmparison
between the theng and experimental resalts at high pressures (about 215-265 psi,
1 psi = §-895x10° Pa). The fuel weight loss at low pressures {~ 45 psi) is
substantially less than at 215 psi. It is to be recalled as noted earlier that pood
comparizon between diffusion timited theary and pear ambient pressure experi-
ments were reported in Marxman & Gitbert (1963) and Marxman {1965). Thus one
is led to the anomalous situation where the same¢ theory for diffusion-limited
conditions is said to have compared well with numerically widely different results.

PMMA—palymcthylmethacryionirrile: FEAN=-polybutylacryloniirile .
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Figare 2. BRcsults of Wooldridge ef of (19%9) o PBAN and PMMA-O; sysiems,

The situation has been carefully analysed by examining the work of Wooldridge
ef al (1969). It appears that the mass flux G used in the theoratical estimate goes up
to 1-6 times the mean mass flux. The motivation for the use of increased flux comes
from the fact that i the relation for g, r derived from boundary layer analysis. G is
the free stream ftux, and in an enclosed flow, by analogy the maximum flux rather
than the average flux should be used. But it should be pointad out that the
mazimum flux in a fully developed pipe flow is only about 205 larger than the
average flux. The factor used in the computer analysis of the data by Wooldridge
et al {1969} increases to 60% in a distance of about 5 times the port diameter. This
distantce it based on the face that the boundary layer growing on the wall will merge
at about five times the port diameter. In actuality, the length for merger of

boundary layers depends on the inlet Reynolds number. In view of the above, the
claim of good comparison is not indeed justified. To further establish the laeuna of
this theory it is worth examining the results of Wooldridge f af (1969) summiarised
in table 3. It can be observed that the predictions frem Markman’s theory and. the
experimental results are widely different. Further, comparison of results for PEAN
and PU with nearly identical # and at the same flux indicates a difference in mass
regression raie of nearly 18% . Even if it is stated that the estimate of & needs
modification to explain this variation in regression tate, the values of B for
PBAN-O; and PU-0); would nead to be different by a factor of two. This is toa large
A factor to be expected,

A further confirmation of the possible influence of H comes fram the effect of
pressure (figure 2). It is seen that the regression rate decreases by a factor of 047 for
PMMA-0; and 0-5 for PRAN-O); when pressure is decreased from 215 to 45 psia and
265 to 25 psia respectively. Since pressure effects have to enter through
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Table 3. Weight loss data of Wooldridge # of (1969} and theory

Fuel weight Weight
Observed  loss by Molecnlar  loss by
L1 fuel weight Menanan's weight of  present

Initial lozs theory  ganes pear  theory
Fuel 8 {glan’) () {r) well (gl
FMMA 93 7-03 160 130 W-100 180-19)
FBAM 84 113 0 [32 250-350 280280
1] 80 773 20 132 130250  220-2%0

Experimeats with 17 ID, 12 long cngine (Diffusion Limited) (I” =
2-54 tm)

kinetics—-largely of a gas phasc nature in these nonhypergalic systems-—their
influence should be felt through B only. Apgain one can estimate the variation in B
needed to acccunt for the reduction of regression rate of these magnitudes. They
turn out to be 4.7 and 20. These factors are tog large to be realistic. Thus the
examination of the work of Marxman and co-workers suggests that the law needs
strong cotrections particularty with the thermochemical factor.

Further evidence about it can be obtained by examining the relative regression
rates of several fuels by 1wo other groups of investigators — Blazowski ef of (1975)
and Julain et &} {1978). The ordering of the fuels in terms of regression rate with
axygen is shown below,

Blazowski & af: Delrin 3= PMMA 3= PP > PE 3= Pt
Julain 2¢ af: PS5t = PMMA = Delrin > P = pR

(PP: polypropylene, Pst:polystyrene, PE = polyethylene).

The experiments of Blazowski are in the stagnation point apparatus and that of
Julain et af (1978) in a two-dimensional flat piate burner. But the nature of the
apparatus should pot matter since the thermochemical influence is similar in both
cases. The point to be noticed in the above ordering is that even qualitatively, fuels
are ctassed differently by different workers. The mass regression rate ratio between
extreme fuels is 1-6 and 2 for the two sets of workers respectively. It appears from
these that even though fuels with the same name have been used by different
workers, they would be chemically different because of antioxidants or additives
which could affect regression.

Thus there is enough of a case made to state that the fuel does matter as far as
regression rates are concerned and Marxman's theory is inadequate in describing
this. After careful consideration of various aspects, Paul er a/ {1982) reasoned that
the effect of wall injection on heat transfer (or skin friction) as evaluated in
Marxman's theory does not include variation of density and other properties
through the boundary layer. The theoretical considerations esseatially set out to
handie this led to

1
(ericp)' = J’ﬂ [(p/p) W1+ BOT & (4
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Using the similarity between momentum and mass transfer, the expression for
depsity ratio was put down as
Ploa = {1 =[Bpa,/(1+ BY) {ufuz )+ (1+ B, W1+ B}, (15)

where po; is the ratio of density of the froe stream to that of injected species,
Introducting (15} into {14) gives
(eptcp )™ = 2{{1+B)/B*(1—p. )2 x
X In{(1+ BY[1+ (1~ pui V[ (1 + Bpy) 4 (1 - pui)*]}
(16}
The predictions from this expression were checked with the experimental results of
Romanenko & Kharchenko (1963) on the injection of CO» and Freon into air and

found to be in excellent agreement {Paul et af 1982), The theoty was then modified
t0 include combustion and this leads to

Ppf = 0:056 G*F (/i) ™2 (0l pa )™ (i pe) X
X B{1 4+ B) 10730002 {pip )| (17)

This resuit shows that the dependence of # on B is stronger than is given by
Marxman's expression. [t is also stronger than is simply apparent in {17) because
(pw/p=) depends on B as well. A comparison of the predictions from the present
theory and the experimental results are shown in table 3 and figure 3. As can be
seen from both these, the success of the present theory is glaringly evident. Thus, it
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is coreect to summarize that the fuel exhibits a strong influence on the combustion
tate and this feature is predicted by the theory which includes variable thermo-
chemical properties.

4. Free convective combuoxiton

A vertical flat fuel plate burning in a 1-¢ eavironment constiteies the free
convective combustion situation. The evaluation of regression rate dependence on
thermochemical properties is the central problem here. This subject has been
treated by several workers. Kosdon er af (1969) solved the censervation equations
for burning of vertical plates msing similarity hypothesis. The predictions have been
compered with experimental results an vertical ceflulosic cylinders. While the flame
stand-off is shown to behave qualitatively the same way (yy ~ +'*) in both cases,
quantitative comparison has called for adjustment of wall mixture properties
siitably. The experimental stand-off behaves as

yy = 00085 x (x,y; in m),
and constant property. theory gives
¥ = 00135 £ (x, yr in m).

The correct prediction of mass burn rate calls for the use of 700 calig for the
effective heat of vaporisation ( L } and this is asserted by them to be reasonable for
a-cellulose. Consistent adjustment of transport properties 10 yield better compari-
son of flame stand-off will in turn affect the mass burn rate and in fact it is not
possible to meaningfully choose any set of parameters which permit simultancaus
correct prediction of mass bura rate and flame stand-off within the frame work of
constant property analysis,

Subsequently, Kim ef af {1971) formulated the problem in a similar manner and
carried through the solutions as a function of vasious parzmeters by treating Lewis
number, pu and pk as constants in the field, They also developed an expression for
mass burn rate using s profile technique. By far this development has been
accepted in the combustion literature. They alsc obtained similarity solutions for
various cases and compared their results with experiments. Table 4 summarizes the
comparisons drawn from Kim e af (1971}

Table 4. Comparison of resulis of ecarlier theories and ex-
periments

Fuel — Henzene Tolugne Methanol

ar A &r A i A

Experiment 48x10F 167 ESx1P 150 1 100
Theory 4BXHP 244 FSxkIP I 168 10
Variation {%) —- #h = 20 pa

Gr = gopistiph: A{l‘fl=[h'1t.,) j i dz.
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As can be noticed, the predictions are different from theory by 45-80% in the
case of benzene and toluene, In the case of methanot, the comparison is about
saﬁsfaﬂurywithadwiatimnfabﬂutm%.lnthemseofm-ozmd
a-cellulose-air, the theoretical predictions are coupled with experiments to
determine the parameters B and L and to assess if these are reasonable. In the case
ufPMMa—Dg,BandLmubtainedu4-2md?14-5caUg.Inpcrformjngtheae
calculations the authors (Kim er af) use a fue] surface tempereture of 325°C and
viscaaity at wall equal to that of nitrogen at 395°C. This arbitrary choice of values is
hard 1o justify. The parameters 8 and L from the literature {Krishnamurthy &
Williams 1972) for Plexiglas are about 8 and 325 cal/g respectively. Thus the esti-
mates of Kitn ez al {1971) are in substantial estor. Stated differently, the predictions
of burn rates for Plexiglas from its known properties would be in significant error
[by a factor In(i+8)/In(1 +4-18) = 1-34}. :

Kim et af (1971) argue that their markedly higher burn rete predictions for hexvy
fuels like benzene and toluene are reipted to low Lewis nombers in the fuel rich
tegion, In the discussion of this point in the paper there are several statements
whi:hdonmhﬂpmuhﬁnunfthemmfmthgdimpm, Thus, the two
principal features of the experiments, namely the mass burn rate and flame
stand-off, are inadequately explained by thé curmrent theories. Consequently, a
ﬂmryhnadunﬁeumnvecﬁonund&rdiﬁusiunﬁmimdmdfﬁumudﬂlthinﬂam
approximation was evolved (Hegde et af 1986). A single-step reaction with possibi-
lity of four to five species (like in the earfier case of dropiet combustion} was
assumed. The governing partial differential equations were treated by similary re-
teining the variation in thermodynamic and tra properties. The resulting
differential equations are ordinary and of the ninth order. The boundary conditions
are =el out at the surface of the plate, at the thin flame location and at infinity. The
three-point boundary value problem was sohved by the quasilinearisation method,
A comparison berween the present theory, eurlier theory and experiments is shown
in table 5. It is noticed that the maximum error in the prediction of burm rate is
about 15% and in most cases it is lower. The variable property theory predicts

Table 5. Comparison of results with experiments

Constant Yarablke Experi-
prapertiss properties ment % Ercor

Thepry - experi-
yeixg"" ma, @i e Al ment/expariment

Fuel B (1) (I (x10Y  (x10% (2 10% { > 100)
Mcthanol  2.57 4.4 131 124 134 154 =133
Fthanol a27m 69 15-3 121 1340 150 —9.3
Aszione 4-61 187 202 12-8 L5-& 15-2 -4
Benzene 558 214 24-4 13% 16-7 16-5 1:2
Tolucne 53§ aLs 24-5 13-4 164 15.7 45
Xykeno 54 217 1.5 136 154 143 737
Kerosene 315 2.2 20 tha 141 itr5 ~14-5
Czllulose 108 L35 %4 a2 &0 15 b6
PRIMA L-&3 15 12-] 10-2 11-2 114 9
PMMA-D, TV H- 29-0 103 231 M0 38

Units fos y'/x"', m'*.my, z1e kg/m. Oxidant in ol cases a sir fexcept the
last enc). \
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much lower stand-off distance compared to the constant property theory, The
flame stand-off distance obtained experimentally is ¥/xi = 0-0085 mi and the
vartable property theory gives ¥y/x¢ = 0-0082 m7 . The improvement in prediction
from the constant property theory can be seen to be dramatic. The good com-
parison of both ber rate and flame stand-off is due not to a single factor like Lawis
number, but the complete treatment of variable properties.

5. Concinding remarks

Thispnpmsurtedwiththemrﬁnnthmitwmldd:mmmethalmnﬁngfm
wﬂahlepmpmimduesmnreﬂlanjmtimpmvemempaﬁmnbemmtheoq{
and experimental observations over the theories usitig constant properties, and
would make the qualitative character of the predictions physically meaningful.
- The example of forced convection turbulent boundary layer analysis dernons-
trates this, The conclusion arrived at by the simple constant property theory thar
the regression rate of the fuel is nearly independent of the thermochemical featares
of the fuel for 2 fixed oxidant is shown to be incorrect. Experiments show
significent dependence on fuel charactoristics and the variable property theory
demonstrates this. Incidentally, a corretation for the regression rate as a function of
various parameters has been established. The cases of droplet combustion as well
as free convective plate combustion are those in which dramatic improvements in
the quality of comparisons between theoretical and experimental results are seen,
The flame to droplet radius ratio and flame stand-off distance are predicted quite
accurately with no assumptions on free parameters, The burn rate also is better
predicted by the variable propernty theary.

Dr B N Raghunandan, Dr P I Paul & Mr M Hegde have contributed to the under-
standing scen in this paper.
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